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INTRODUCTION AND PRELIMINARIES 

   The principle  of paranormed is closed related to linear metric of the spaces . That  is mean  very generalization of 

absolute values [1]. Paranormed sequence space introduced  at 
firstly step by Nakano and Simons [2,3].  Later  they  examined  as well  by Maddox [1],  

Lascarides, [4,5] Tripathy and Sen [6] etc. 
Sengonul defined the sequence ℥ = ℥𝑖 which is often used as the Ƶ𝑝 alter of the sequence 𝑛 =  (𝑛𝑖) i.e, 
 ℥𝑖 = 𝑝𝑛𝑖 + (1 − 𝑝)𝑛𝑖−1  
as  𝑛−1 = 0, 𝑝 ≠ 1, 1 < 𝑝 < ∞  and Ƶ𝑝 means the matrix Ƶ𝑝 = Ƶ𝑖𝑏1 defined by 

  Ƶ𝑖𝑏1 ={

 𝑝,                                                               (𝑖 = 𝑏1)

1 − 𝑝,                                            (𝑖 − 1 = 𝑏1); 𝑖, 𝑏1  ∈ ℕ
0,                                                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 
[7] , therefor  Basar and Altay [8], Sengonul studies  the Zweier sequence spaces ℌ and ℌ0 as follows 

ℌ = {𝑛 = (𝑛𝑏1) ∈ 𝜇: Ƶ
𝑝𝑛 ∈ 𝐶 } and  

 ℌ0 = {𝑛 = (𝑛𝑏1) ∈ 𝜇: Ƶ
𝑝𝑛 ∈ 𝐶0 }, [7]. 

Kostyrko  and other researchers  used it to introduce the idea of I-convergence founded on the structure chart of the 
allowable ideal of subset for the ( ℕ ) where ℕ  is denoted the natural numbers ,[9]. They get more information to 

ideal convergence of Cakalli and Hazarika [10], Dems [11], Esi , Hazarika [12], Hazarika , Savas [13], Hazarika 
[14,17]. Finally it introduced by ˘Salat, Tripathy , Ziman[18]and Demirci [19] etc. 
“A double Orlicz functions  is a functions  𝜚: [0,∞) × [0,∞) → [0,∞) × [0,∞)such that  

𝜚(𝑛,𝑚)  = ( 𝜚1(𝑛), 𝜚2(𝑚) ), where 
𝜚1 ∶  [0,∞) →  [0,∞) 𝑎𝑛𝑑 𝜚2: [0,∞) →  [0,∞) such that 𝜚1, 𝜚2   are  Orlicz  functions which is  continuous , non  

decreasing, even , convex , and  satisfies  the  following  conditions : 
1) 𝜚1 (0) =0 ,  𝜚2 (0) =0 ⟹ 𝜚(0,0) = (𝜚1 (0) , 𝜚2 (0) ) =(0,0) 

2) 𝜚1 (n) ˃ 0 , 𝜚2 (m) ˃ 0 ⟹  𝜚(𝑛,𝑚)  =  (𝜚1 (𝑛) , 𝜚2 (𝑚) ) ˃ (0,0) 
      𝑓𝑜𝑟  𝑛˃ 0 , 𝑚 ˃ 0  𝑤𝑒 𝑚𝑒𝑎𝑛 𝑏𝑦  𝜚(𝑛,𝑚)˃ (0,0) 𝑡ℎ𝑎𝑡   𝜚1 (𝑛) ˃ 0 , 𝜚2 (𝑚) ˃ 0 

3) 𝜚1 (𝑛) → ∞ , 𝜚2 (𝑚) → ∞ as 𝑛,𝑚  → ∞ then , 

      𝜚(𝑛,𝑚)  =  (𝜚1 (𝑛) , 𝜚2 (𝑚) ) )  → (∞,∞)   𝑎𝑠 (𝑛,𝑚)  → (∞,∞), 
They mean by 𝜚(𝑛,𝑚)  → (∞,∞) that  𝜚1 (𝑛)  → ∞  , 𝜚2(𝑚) → ∞.”[20]. 

Let ℘ be a non-empty set. Therefor  a family of sets 𝐼 ⊆2℘ (power sets of ℘) is said  an ideal  

if 𝐼 is additive i.e. 𝐴, 𝐸 ∈ 𝐼 ⇒ 𝐴 ∪ 𝐸 ∈  𝐼 and hereditary i.e. 𝐴 ∈ 𝐼, 𝐸 ⊆ 𝐴 ⇒  𝐸 ∈ 𝐼,where  

℘= 𝑠𝑢𝑝(𝑛,𝑚) [21]. 

     
     Now of this article   defined the paranormed  Zweier 𝐼 -convergent double to sequence spaces which is described 

by the double Orlicz functions( 𝜚 ), 𝜚(𝑛,𝑚) = (𝜚1(𝑛), 𝜚2(𝑚)). Then it studied   the next classes of paranormed Zweier 

for ideal convergent double of the  sequence spaces described by the double Orlicz functions. Let C, R and ℕ be the 

sets of all complex, real and natural numbers respectively  , that set 

“ℶ2  ={(n,m) = (n𝑏1,𝑏2 , m𝑏1,𝑏2)    ∋  (n𝑏1,𝑏2 , m𝑏1,𝑏2) ∈   ℜ × ℜ or ℂ × ℂ}” 

Throughout this paper   the double sequences  shall  be meant by(n,m) = (n𝑏1,𝑏2 , m𝑏1,𝑏2)  . A double infinite matrix   

of elements (𝑛𝑏1,𝑏2 , m𝑏1,𝑏2
)  ∀ 𝑏1, 𝑏2  ∈ ℕ, we get that 
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 n = (n𝑏1,𝑏2),m = (m𝑏1,𝑏2) be an infinite matrix  of elements  

∀ 𝑏1, 𝑏2  ∈ ℕ.  

They used  the convergence of double sequence for mean the convergence in Pringsheim‟s sense in 1900, [22] . A 
double sequence (𝑛 = n𝑏1,𝑏2) has a Pringsheim limit ɉ (denoted by −limit 𝑛 = 𝐼 ) provided that given𝜀 > 0 , there 

exists 𝑦 ∈ ℕ such that |n𝑏1,𝑏2 − 𝐼| ≤ 𝜀 whenever𝑏1, 𝑏2 > 𝑦 . We shall describe such an 𝑛 more briefly as '' P-

convergent'' .A double sequence (𝑛 = n𝑏1,𝑏2 ) is bounded if and only if there exists a positive number   𝑈such that 

|n𝑏1,𝑏2| < 𝑈 for all 𝑏1𝑎𝑛𝑑 𝑏2 [23] 

  A paranorm is a function ձ: Γ → ℝ which satisfies the  

following axioms: for any 𝑛, ℥, 𝑛0 ∈ Γ, 𝛾, 𝛾0 ∈ ℂ, 
i) ձ(𝜃) = 0     ,  where 𝜃 is the zero in the complex linear space Γ 
ii)  ձ(𝑛) = ձ(−𝑛), 
iii) ձ(𝑛 + ℥) ≤ ձ(𝑛) + ձ(℥) ,  
iv) The scalar multiplication is continuous, that is γ→ 𝛾0   ,𝑛 → 𝑛0 implies  
  𝛾𝑛 → 𝛾0  𝑛0  .In other words, 

 |𝛾 − 𝛾0 | → 0 , ձ(𝑛 −  𝑛0 ) → 0   imply  ձ(𝛾𝑛 − 𝛾0  ձ0 ) → 0 . A paranormed space is a linear space  Γ with a paranorm ձ 
and it is written as ( Γ, ձ  ).   
Any function ձ   which satisfies all the conditions (i)-(iv) together with the condition   

 (v)ձ(𝑛) = 0    if only if  𝑛 =  𝜃    is called a total paranorm on Γ  and the pair  

( Γ, ձ ) is called total paranormed space . [24] 

Lemma . A sequence space 𝐵 is solid implies that 𝐵 is monotone . 

Remark . If 𝜚 is an Orlicz function, then 𝜚 (λn)≤ λ 𝜚 (n) for all λ with 

 0 <λ<1. 
2. MAIN RESULTS  

An Zweier ideal convergent   studying  the following classes of double sequence spaces. 
 (ℌ2)𝐼= {𝑏1, 𝑏2  ∈ ℕ ∶  {(𝑛,𝑚)  = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) ∈ ℶ2 : 

𝐼 −lim(Ƶ2)𝑝(𝑛,𝑚) =  (𝔣1, 𝔣2)  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  𝔣1, 𝔣2 }} ∈ 𝐼 , where 

𝐼 −lim(Ƶ2)𝑝𝑛 =  𝔣1  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  𝔣1  , 𝐼 −lim(Ƶ2)𝑝𝑚 = 𝔣2  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  𝔣2 
(ℌ0

2)𝐼 = {𝑏1, 𝑏2  ∈ ℕ ∶  {(𝑛,𝑚)  = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) ∈ ℶ2 : 𝐼 −lim(Ƶ2)𝑝(𝑛,𝑚)  = (0,0)  } ∈  𝐼, where 

𝐼 −lim(Ƶ2)𝑝𝑛 = 0 , 𝐼 −lim(Ƶ2)𝑝𝑚 = 0 
(ℌ∞

2 )𝐼 = {𝑏1, 𝑏2  ∈ ℕ ∶  {(𝑛,𝑚)  = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) ∈ 𝑏1, 𝑏2 :  𝑠𝑢𝑝𝑏1,𝑏2|(Ƶ
2)𝑝 (n,m)| < (∞,∞)}}∈𝐼 , where 

𝑠𝑢𝑝𝑏1,𝑏2|(Ƶ
2)𝑝 n | < ∞ , 𝑠𝑢𝑝𝑏1,𝑏2|(Ƶ

2)𝑝 m | < ∞ . 

We also denote by 

(ʌℌ2
2 )

𝐼

  = (ℌ∞
2 )𝐼 ∩(ℌ2)𝐼 and (ʌℌ02

2 )
𝐼

  =(ℌ∞
2 )𝐼 ∩(ℌ0

2)𝐼  

And now  we introduce the classes of paranormed Zweier 𝐼 -Convergent double sequence spaces defined by the 

double Orlicz functions. 
 

2ℌ𝐼(𝜚, 𝑝) ={(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) : {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (
((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
−𝔣1

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
−𝔣2

𝜌
)]

𝑝𝑣1𝑣2

≥ 𝜀} ∈

𝐼 },   
 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝔣1, 𝔣2  ∈ ℂ 𝑎𝑛𝑑 𝜌 > 0. 

2 ℌ0
𝐼  (𝜚, 𝑝) ={(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) : {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (

((Ƶ2)
𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2

𝜌
)]

𝑝𝑣1𝑣2

≥ 𝜀} ∈ 𝐼 

 },   
 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝔣1, 𝔣2  ∈ ℂ 𝑎𝑛𝑑 𝜌 > 0. 

2 ℌ∞
𝐼  (𝜚, 𝑝) ={(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) : {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: ∃𝑘 > 0 [𝜚1 (

((Ƶ2)
𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2

𝜌
)]

𝑝𝑣1𝑣2

≥

𝑘} ∈ 𝐼 },   

 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝔣1, 𝔣2  ∈ ℂ 𝑎𝑛𝑑 𝜌 > 0. 
 

Also we denoted by  

2ʌ ℌ2
𝐼  (𝜚, 𝑝 )= 2ℌ∞

𝐼 (𝜚, 𝑝) ∩2ℌ𝐼(𝜚, 𝑝)    and     2 ʌ
ℌ0
2

𝐼 (𝜚, 𝑝) =2ℌ∞
𝐼  (𝜚, 𝑝 )∩2ℌ0

𝐼  (𝜚, 𝑝). 

We will denote by (Ƶ2)𝑝( 𝑛𝑏1,𝑏2  , 𝑚𝑏1,𝑏2) = (n𝑏1,𝑏2
′ , m𝑏1,𝑏2

′ ) ,where (Ƶ2)𝑝( 𝑛𝑏1,𝑏2 ) = (n𝑏1,𝑏2
′ ) and (Ƶ2)𝑝( 𝑚𝑏1,𝑏2 ) = (𝑚𝑏1,𝑏2

′ ), 

(Ƶ2)𝑝( ʆ𝑏1,𝑏2 , ʊ𝑏1,𝑏2) = (ʆ𝑏1,𝑏2
′ , ʊ𝑏1,𝑏2

′ ), where (Ƶ2)𝑝( ʆ𝑏1,𝑏2 ) = (ʆ𝑏1,𝑏2
′ ) and (Ƶ2)𝑝( ʊ𝑏1,𝑏2 ) = (ʊ𝑏1,𝑏2

′ ). 
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where 𝑝 = (𝑝𝑣1𝑣2)is a double sequence of positive real numbers 

Theorem   1  . 
 For any double Orlicz  function 𝜚, the classes of  double  sequences 2ℌ𝐼(𝜚, 𝑝),  

2 ℌ0
𝐼 (𝜚, 𝑝) , 2ʌ ℌ2

𝐼  (𝜚, 𝑝 ) and 2ʌℌ02
𝐼 (𝜚, 𝑝)  are linear spaces.  

Proof .  
We will  prove the result for the space 2ℌ𝐼(𝜚, 𝑝).The proof for the other  

spaces will follow similarly. 

      Let 𝑛 = ( 𝑛𝑏1,𝑏2),𝑚 = (  𝑚𝑏1,𝑏2) ∈ 2ℌ𝐼(𝜚, 𝑝) and let (𝛼, 𝛼) , (𝛽, 𝛽) be scalars. Then there exists positive numbers 𝜌1 

and 𝜌2 such that 

𝐴1 = {(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2
): {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (

|((Ƶ2)
𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
−𝔣1|

𝜌1
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
−𝔣1|

𝜌1
)]

𝑝𝑣1𝑣2

≥
𝜀

2
} ∈ 𝐼},  

1    for some 𝔣1 ∈ ℂ 

𝐴2 = {(℥, 𝔜) = ( ℥𝑏1,𝑏2 , 𝔜𝑏1,𝑏2): {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (
|((Ƶ2)

𝑝
(℥𝑏1,𝑏2))

𝑣1𝑣2
−𝔣2|

𝜌2
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝔜𝑏1,𝑏2))

𝑣1𝑣2
−𝔣2|

𝜌2
)]

𝑝𝑣1𝑣2

≥
𝜀

2
} ∈ 𝐼} ,  

2      for some 𝔣2 ∈ ℂ 

  
That is for a given 𝜀 > 0, we have 

Let 𝜌0=max {2| 𝛼 |𝜌1,2| 𝛽 | 𝜌2}.  Since  𝜚1, 𝜚2 𝑎𝑛𝑑 𝜚  are non – decreasing  and  convex functions  ,we have  

[
 
 
 

𝜚1 (

|(𝛼 ((Ƶ2)𝑝(𝑛𝑏1,𝑏2))𝑣1𝑣2
+ 𝛽 ((Ƶ2)𝑝(℥𝑏1,𝑏2))𝑣1𝑣2

) − (𝛼𝔣1 − 𝛽𝔣2)|

𝜌0
)

𝑝𝑣1𝑣2

, 𝜚2 (

|(𝛼 ((Ƶ2)𝑝(𝑚𝑏1,𝑏2
))
𝑣1𝑣2

+ 𝛽 ((Ƶ2)𝑝(𝔜𝑏1,𝑏2))𝑣1𝑣2
) − (𝛼𝔣1 − 𝛽𝔣2)|

𝜌0
)

𝑝𝑣1𝑣2

]
 
 
 

≤

[
 
 
 

[

|𝛼| |((Ƶ2)𝑝(𝑛𝑏1,𝑏2))𝑣1𝑣2
− 𝔣1|

𝜌0
]

𝑝𝑣1𝑣2

+ [

|𝛽| |((Ƶ2)𝑝(℥𝑏1,𝑏2))𝑣1𝑣2
− 𝔣2|

𝜌0
]

𝑝𝑣1𝑣2

, [

|𝛼| |((Ƶ2)𝑝(𝑚𝑏1,𝑏2))𝑣1𝑣2
− 𝔣1|

𝜌0
]

𝑝𝑣1𝑣2

+ [

|𝛽| |((Ƶ2)𝑝(𝔜𝑏1,𝑏2))𝑣1𝑣2
− 𝔣2|

𝜌0
]

𝑝𝑣1𝑣2

]
 
 
 

 

≤

[
 
 
 

[

|((Ƶ2)𝑝(𝑛𝑏1,𝑏2))𝑣1𝑣2
− 𝔣1|

𝜌1
]

𝑝𝑣1𝑣2

+ [

|((Ƶ2)𝑝(℥𝑏1,𝑏2))𝑣1𝑣2
− 𝔣2|

𝜌1
]

𝑝𝑣1𝑣2

, [

|((Ƶ2)𝑝(𝑚𝑏1,𝑏2))𝑣1𝑣2
− 𝔣1|

𝜌2
]

𝑝𝑣1𝑣2

+ [

|((Ƶ2)𝑝(𝔜𝑏1,𝑏2))𝑣1𝑣2
− 𝔣2|

𝜌2
]

𝑝𝑣1𝑣2

]
 
 
 

 

{(𝑣1, 𝑣2) ∈ 𝑁 ×

𝑁: [𝜚1 (
|(𝛼((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
+𝛽((Ƶ2)

𝑝
(℥𝑏1,𝑏2))

𝑣1𝑣2
)−(𝛼𝔣1−𝛽𝔣2)|

𝜌0
)

𝑝𝑣1𝑣2

, 𝜚2 (
|(𝛼((Ƶ2)

𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
+𝛽((Ƶ2)

𝑝
(𝔜𝑏1,𝑏2))

𝑣1𝑣2
)−(𝛼𝔣1−𝛽𝔣2)|

𝜌0
)

𝑝𝑣1𝑣2

] ≥

𝜀} ⊆ {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (
|((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
−𝔣1|

𝜌1
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
−𝔣1|

𝜌1
)]

𝑝𝑣1𝑣2

≥
𝜀

2
}⋃{(𝑣1, 𝑣2) ∈ 𝑁 ×

𝑁: [𝜚1 (
|((Ƶ2)

𝑝
(℥𝑏1,𝑏2))

𝑣1𝑣2
−𝔣2|

𝜌2
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝔜𝑏1,𝑏2))

𝑣1𝑣2
−𝔣2|

𝜌2
)]

𝑝𝑣1𝑣2

} ⊆ 𝐴1⋃𝐴2 ∈  𝐼 

 

Now 

 [α (((Ƶ2)𝑝(𝑛𝑏1,𝑏2 , ℥𝑏1,𝑏2))
𝑣1𝑣2

) + β (((Ƶ2)𝑝(𝑚𝑏1,𝑏2 , 𝔜𝑏1,𝑏2))
𝑣1𝑣2

)] ∈ 2ℌ𝐼(𝜚, 𝑝) 

Then 2ℌ𝐼(𝜚, 𝑝) is a linear space. ∎ 

Theorem.2 

 The spaces 2ʌ ℌ2
𝐼  (𝜚, 𝑝 ) and 2 ʌℌ02

𝐼 (𝜚, 𝑝)   are paranormed spaces, with the paranorm ձ(𝑛,𝑚) defined by 
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ձ(𝑛,𝑚) = 𝑖𝑛𝑓 {𝜌
𝑝𝑣1𝑣2
Ҷ : 𝑠𝑢𝑝𝑣1𝑣2 |𝜚1 (

|((Ƶ2)𝑝(𝑛𝑏1,𝑏2))𝑣1𝑣2
|

𝜌
) , 𝜚2 (

|((Ƶ2)𝑝(𝑚𝑏1,𝑏2
))
𝑣1𝑣2

|

𝜌
)| ≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0} 

where Ҷ = {𝐼, 𝑠𝑢𝑝𝑣1𝑣2𝑝𝑣1𝑣2}. 

 

Proof. 
Clearly ձ(−𝑛,−𝑚) = ձ(𝑛,𝑚)𝑎𝑛𝑑 ձ(0,0) = (0,0) 

Let (𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2
) 𝑎𝑛𝑑 (℥, 𝔜) = ( ℥𝑏1,𝑏2 , 𝔜𝑏1,𝑏2) be two elements  in 2ʌ ℌ2

𝐼  (𝜚, 𝑝 ) where  

𝜌1, 𝜌2 > 0 

𝐴1 = {𝜌1: 𝑠𝑢𝑝𝑣1𝑣2 [𝜚1 (

|((Ƶ2)𝑝(𝑛𝑏1,𝑏2))𝑣1𝑣2
|

𝜌1
) , 𝜚2 (

|((Ƶ2)𝑝(𝑚𝑏1,𝑏2))𝑣1𝑣2
|

𝜌1
)] ≤ 1} 

And 

𝐴2 = {𝜌2: 𝑠𝑢𝑝𝑣1𝑣2 [𝜚1 (

|((Ƶ2)𝑝(℥𝑏1,𝑏2))𝑣1𝑣2
|

𝜌2
) , 𝜚2 (

|((Ƶ2)𝑝(𝔜𝑏1,𝑏2))𝑣1𝑣2
|

𝜌2
)] ≤ 1} 

We take 𝜌 = 𝜌1 + 𝜌2. Be using the convexity of  double orlicz functions  , we get 

 [[𝜚1 (
|((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌1
) + 𝜚1 (

|((Ƶ2)
𝑝
(℥𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌2
)] , [𝜚2 (

|((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌1
)+ 𝜚2 (

|((Ƶ2)
𝑝
(𝔜𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌2
)]] ≤

𝜌1

𝜌1+𝜌2
[𝜚1 (

|((Ƶ2)
𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌1
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌1
)] +

𝜌2

𝜌1+𝜌2
[𝜚1 (

|((Ƶ2)
𝑝
(℥𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌2
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝔜𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌2
)] 

Which in terms give us, 

[
 
 
 
 

𝑠𝑢𝑝𝑣1𝑣2 [[𝜚1 (
|((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌1
) + 𝜚1 (

|((Ƶ2)
𝑝
(℥𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌2
)] , [𝜚2 (

|((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌1
) + 𝜚2 (

|((Ƶ2)
𝑝
(𝔜𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌2
)]]

]
 
 
 
 
𝑝𝑣1𝑣2

 ≤ 1   

 
And 

ձ[(𝑛,𝑚) + (℥, 𝔜)] = 𝑖𝑛𝑓 {(𝜌1 + 𝜌2)
𝑝𝑣1𝑣2
Ҷ : 𝜌1 ∈ 𝐴1, 𝜌2 ∈ 𝐴2} ≤ 𝑖𝑛𝑓 {𝜌1

𝑝𝑣1𝑣2
Ҷ : 𝜌1 ∈ 𝐴1} + 𝑖𝑛𝑓 {𝜌2

𝑝𝑣1𝑣2
Ҷ : 𝜌2 ∈ 𝐴2}

= ձ(𝑛,𝑚) + ձ(℥, 𝔜) 
 
let 𝑘ʌ → 𝔣 , where 𝑘ʌ, 𝔣 ∈ ℂ and let ձ[(𝑛ʌ, 𝑚ʌ) − (𝑛,𝑚)] → 0 as ʌ → ∞.  

Now prove ձ(𝑘ʌ(𝑛ʌ, 𝑚ʌ) − 𝔣(𝑛,𝑚)) → 0 as ʌ → ∞ ,and put  

 

𝐴3 =

{
 
 

 
 

𝜌ʌ > 0: 𝑠𝑢𝑝𝑣1𝑣2

[
 
 
 
 

[𝜚1 (

|((Ƶ2)𝑝(𝑛ʌ𝑏1,𝑏2))
𝑣1𝑣2

|

𝜌ʌ
) , 𝜚2(

|((Ƶ2)𝑝(𝑚ʌ
𝑏1,𝑏2

))
𝑣1𝑣2

|

𝜌ʌ
)]

]
 
 
 
 
𝑝𝑣1𝑣2

≤ 1

}
 
 

 
 

 

And 

𝐴4 =

{
 
 

 
 

𝜌ҍ > 0: 𝑠𝑢𝑝𝑣1𝑣2

[
 
 
 
 

[𝜚1 (

|((Ƶ2)𝑝(𝑛ʌ𝑏1,𝑏2 − 𝑛𝑏1,𝑏2))𝑣1𝑣2
|

𝜌ҍ
) , 𝜚2(

|((Ƶ2)𝑝(𝑚ʌ
𝑏1,𝑏2

−𝑚𝑏1,𝑏2
))
𝑣1𝑣2

|

𝜌ҍ
)]

]
 
 
 
 
𝑝𝑣1𝑣2

≤ 1

}
 
 

 
 

 

 
by the continuity 𝜚 ,we obtain that 

  

[𝜚1 (

|((Ƶ2)𝑝(𝑘ʌ𝑛ʌ𝑏1,𝑏2 −  𝔣𝑛𝑏1,𝑏2))𝑣1𝑣2
|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
) , 𝜚2 (

|((Ƶ2)𝑝(𝑘ʌ𝑚ʌ
𝑏1,𝑏2

− 𝔣𝑚𝑏1,𝑏2
))
𝑣1𝑣2

|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
)] ≤ 

[𝜚1(

|((Ƶ2)𝑝(𝑘ʌ𝑛ʌ𝑏1,𝑏2 −  𝔣𝑛
ʌ
𝑏1,𝑏2

))
𝑣1𝑣2

|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
) , 𝜚2(

|((Ƶ2)𝑝(𝑘ʌ𝑚ʌ
𝑏1,𝑏2

− 𝔣𝑚ʌ
𝑏1,𝑏2

))
𝑣1𝑣2

|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
)] + 
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[𝜚1 (

|((Ƶ2)𝑝(𝔣𝑛ʌ𝑏1,𝑏2 −  𝔣𝑛𝑏1,𝑏2))𝑣1𝑣2
|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
) , 𝜚2 (

|((Ƶ2)𝑝(𝔣𝑚ʌ
𝑏1,𝑏2

− 𝔣𝑚𝑏1,𝑏2
))
𝑣1𝑣2

|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
)] ≤ 

|𝑘ʌ− 𝔣|𝜌ʌ

|𝑘ʌ− 𝔣|𝜌ʌ+|𝔣|𝜌ҍ
[𝜚1 (

|((Ƶ2)
𝑝
(𝑛ʌ𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌ʌ
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝑚ʌ

𝑏1,𝑏2))
𝑣1𝑣2

|

𝜌ʌ
)]+

| 𝔣|𝜌ҍ

|𝑘ʌ− 𝔣|𝜌ʌ+|𝔣|𝜌ҍ
[𝜚1 (

|((Ƶ2)
𝑝
(𝑛ʌ𝑏1,𝑏2−𝑛𝑏1,𝑏2))

𝑣1𝑣2
|

𝜌ҍ
) , 𝜚2 (

|((Ƶ2)
𝑝
(𝑚ʌ

𝑏1,𝑏2−𝑚𝑏1,𝑏2))
𝑣1𝑣2

|

𝜌ҍ
)]. 

Of that inequality  it follows the  
 

𝑠𝑢𝑝𝑣1𝑣2 [𝜚1(

|((Ƶ2)𝑝(𝑘ʌ𝑛ʌ𝑏1,𝑏2 −  𝔣𝑛𝑏1,𝑏2))𝑣1𝑣2
|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
) , 𝜚2 (

|((Ƶ2)𝑝(𝑘ʌ𝑚ʌ
𝑏1,𝑏2 − 𝔣𝑚𝑏1,𝑏2))𝑣1𝑣2

|

|𝑘ʌ −  𝔣|𝜌ʌ + |𝔣|𝜌ҍ
)]

𝑝𝑣1𝑣2

≤ 1 

Then  

ձ (𝑘ʌ(𝑛ʌ
𝑏1,𝑏2

, 𝑚ʌ
𝑏1,𝑏2

) −  𝔣(𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2))=𝑖𝑛𝑓 {[|𝑘
ʌ − 𝔣|𝜌ʌ + |𝔣|𝜌ҍ]

𝑝𝑣1𝑣2
Ҷ : 𝜌ʌ ∈ 𝐴3, 𝜌ҍ ∈ 𝐴4} 

≤ |𝑘ʌ − 𝔣|
𝑝𝑣1𝑣2
Ҷ  𝑖𝑛𝑓 {(𝜌ʌ)

𝑝𝑣1𝑣2
Ҷ : 𝜌ʌ ∈ 𝐴3}+|𝔣|

𝑝𝑣1𝑣2
Ҷ {(𝜌ҍ)

𝑝𝑣1𝑣2
Ҷ : 𝜌ҍ ∈ 𝐴4} ≤ 𝑚𝑎𝑥 {1, |𝑘ʌ − 𝔣|

𝑝𝑣1𝑣2
Ҷ }  ձ(𝑛ʌ

𝑏1,𝑏2
, 𝑚ʌ

𝑏1,𝑏2
) +

  𝑚𝑎𝑥 {1, |𝔣|
𝑝𝑣1𝑣2
Ҷ }  ձ [(𝑛ʌ

𝑏1,𝑏2
, 𝑚ʌ

𝑏1,𝑏2
) − (𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2

)]      (1) 

 
Then  

ձ(𝑛ʌ
𝑏1,𝑏2

, 𝑚ʌ
𝑏1,𝑏2

) ≤ ձ(𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) + ձ [(𝑛
ʌ
𝑏1,𝑏2

, 𝑚ʌ
𝑏1,𝑏2

) − (𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2)]  𝑓𝑜𝑟 𝑎𝑙𝑙 ʌ ∈ ℕ 

now, the right hand side is used by option of the relation   (1) tends to 0 as ʌ → ∞ and the prove that. ∎ 

Corollary  

ℳ ⊆ℳ[𝜚(𝑛,𝑚), 𝑝], 𝑤ℎ𝑒𝑟𝑒 ℳ = 2ℌ𝐼 , 2 ℌ0
𝐼 , (ʌℌ2

2 )
𝐼

 and (ʌℌ02
2 )

𝐼

. 

Theorem .3 

Let 𝑝 = (𝑝𝑣1𝑣2) and 𝑥 = (𝑥𝑣1𝑣2) be two double sequences of positive real numbers. Then (ʌ
ℌ0
2

2 )
𝐼
[𝜚(𝑛,𝑚), 𝑝] ⊇

(ʌℌ02
2 )

𝐼
[𝜚(𝑛,𝑚), 𝑥] if and only if lim

𝑣1𝑣2∈𝐾
𝑖𝑛𝑓

𝑝𝑣1𝑣2

𝑥𝑣1𝑣2
> 0,𝑤ℎ𝑒𝑟𝑒 𝐾 ⊆ ℕ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐾 ∈ 𝐹(𝐼). 

Proof. 

Let lim
𝑣1𝑣2∈𝐾

𝑖𝑛𝑓
𝑝𝑣1𝑣2

𝑥𝑣1𝑣2
> 0 𝑎𝑛𝑑 (𝑛𝑣1,𝑣2 , 𝑚𝑣1,𝑣2)  ∈ (ʌℌ02

2 )
𝐼
[𝜚(𝑛,𝑚), 𝑥]. 

Then there exists 𝛿 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡         𝑝𝑣1𝑣2 > 𝛿𝑥𝑣1𝑣2, for all 𝑣1, 𝑣2 ∈ 𝐾. 

Let (𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2)  ∈ (ʌℌ02
2 )

𝐼
[𝜚(𝑛,𝑚), 𝑥] 𝑡ℎ𝑒𝑛 for given 𝜀 > 0, we have  

E ={(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) : {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (
((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2

𝜌
)]

𝑝𝑣1𝑣2

≥ 𝜀} ∈ 𝐼  }. 

Let 𝐵0 = 𝐸 ∪ 𝐾
𝑐. Therefor we get 𝐵0 ∈ 𝐼. Now we get 𝑣1, 𝑣2 ∈ 𝐵0, 

{(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) : {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (
((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2

𝜌
)]

𝑝𝑣1𝑣2

≥ 𝜀} ∈ 𝐼 } ⊆ {(𝑛,𝑚) =

( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2
) ∶ {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (

((Ƶ2)
𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2

𝜌
)]

𝛿𝑥𝑣1𝑣2

≥ 𝜀} ∈ 𝐼  } 

 Then we get  

{(𝑛,𝑚) = ( 𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) : {(𝑣1, 𝑣2) ∈ 𝑁 × 𝑁: [𝜚1 (
((Ƶ2)

𝑝
(𝑛𝑏1,𝑏2))

𝑣1𝑣2

𝜌
) , 𝜚2 (

((Ƶ2)
𝑝
(𝑚𝑏1,𝑏2))

𝑣1𝑣2

𝜌
)]

𝑥𝑣1𝑣2

≥ 𝜀} ∈ 𝐼 } 

(𝑛𝑏1,𝑏2 , 𝑚𝑏1,𝑏2) ∈  (ʌℌ02
2 )

𝐼
[𝜚(𝑛,𝑚), 𝑝] 

And the converse part of the proof follows obviously.∎ 
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