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INTRODUCTION AND PRELIMINARIES
The principle of paranormed is closed related to linear metric of the spaces . That is mean very generalization of
absolute values [1]. Paranormed sequence space introduced at
firstly step by Nakano and Simons [2,3]. Later they examined as well by Maddox [1],
Lascarides, [4,5] Tripathy and Sen [6] etc.
Sengonul defined the sequence % = %; which is often used as the Z? alter of the sequence n = (n;) i.e,
Zi=pni+ (1 —pn,
as n_; =0,p#1,1<p<oo and Z’ means the matrix Z¥ = Z;, defined by

b, (i=by)
Zip, =y1 —p, (i—1=by);i,b; €N
0, otherwise

[7]1, therefor Basar and Altay [8], Sengonul studies the Zweier sequence spaces $ and $, as follows
H= {n = (nbl) €Eu:ZPn € C} and
9o = {n = (nbl) € w:ZPn € C, }, [7].
Kostyrko and other researchers used it to introduce the idea of I-convergence founded on the structure chart of the
allowable ideal of subset for the ( N ) where N is denoted the natural numbers ,[9]. They get more information to
ideal convergence of Cakalli and Hazarika [10], Dems [11], Esi , Hazarika [12], Hazarika , Savas [13], Hazarika
[14,17]. Finally it introduced by “Salat, Tripathy , Ziman[18]and Demirci [19] etc.
“A double Orlicz functions is a functions p: [0, ) x [0, ) — [0, %) X [0, )such that
e(n,m) = (e1(n),e,(m)), where
01 : [0,00) > [0,) and @,: [0,») - [0,0) such that ¢,,0, are Orlicz functions which is continuous , non
decreasing, even , convex , and satisfies the following conditions :
1) 01 (0) =0, e, (0) =0 = ¢(0,0) = (e: (0), 02 (0) ) =(0,0)
2) 0,(n)>0,0,(M)>0= g(n,m) = (¢, (n),0, (m)) >(0,0)
for n>0,m>0 we mean by g¢(n,m)> (0,0) that ¢, (n) >0, o, (M) >0
3) 01 (n) >, g, (m)>xasnm - oo then,
e(m,m) = (01 (n),0;, (m))) = (0,) as(n,m) - (o, ),
They mean by o(n,m) — (o, ) that g; (n) - «© , g,(m) - =.”[20].
Let o be a non-empty set. Therefor a family of sets I 2% (power sets of g) is said an ideal
if I is additivei.e. A,E €l = AUE € I and hereditaryi.e. A € LE € A= E € Iwhere

#= sup(n,m) [21].

Now of this article defined the paranormed Zweier I -convergent double to sequence spaces which is described
by the double Orlicz functions( ¢ ), e(n,m) = (¢;(n), 0,(m)). Then it studied the next classes of paranormed Zweier
for ideal convergent double of the sequence spaces described by the double Orlicz functions. LetC, R and N be the
sets of all complex, real and natural numbers respectively , that set
22 ={(1’1, m) = (nbl,bzi mb1.b2) 3 (nb1.bz' mb1.b2) € R XRorCx (C}"

Throughout this paper the double sequences shall be meant by(n,m) = (ny, ,, my, ,,) - A double infinite matrix
of elements (ny, 5, mp,5,) V by, b, €N, we get that
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n = (ny, »,),m = (m,, ,,) be an infinite matrix of elements
v b, b, €N.
They used the convergence of double sequence for mean the convergence in Pringsheim“s sense in 1900, [22] . A
double sequence (n = n,, ,,) has a Pringsheim limitj (denoted by —limitn =1 ) provided that givens >0 , there
exists y € N such that |nb1,b2 —I| < & wheneverb,, b, >y . We shall describe such an nmore briefly as " P-
convergent" .A double sequence (n = n,, ,, ) is bounded if and only if there exists a positive number  Usuch that
|nb1,b2| < U for all byand b, [23]

A paranorm is a function a: T — R which satisfies the
following axioms: for any n,%,n, €[, y,y, € C,
i)a®) =0 , where 6 is the zero in the complex linear space T
i) a(n) = a(—n),
i) a(n +%) < am) +a3) ,
iv) The scalar multiplication is continuous, that is y— y, ,n - n,implies

yn - y, ny .In other words,

ly =01 = 0,a(n— ny) = 0 imply a(yn—7y, do) — 0 . A paranormed space is a linear space T with a paranorm a
and it is written as (T,a ).
Any function a which satisfies all the conditions (i)-(iv) together with the condition

(v)a(n) =0 ifonlyif n= 6 s called a total paranorm on I' and the pair
(T,a) is called total paranormed space . [24]
Lemma . A sequence space B is solid implies that B is monotone .
Remark . If ¢ is an Orlicz function, then ¢ (An)< A ¢ (n) for all A with

0 <A<1.
2. MAIN RESULTS
An Zweier ideal convergent studying the following classes of double sequence spaces.

(9*)'={by,b, EN: {(n,m) = (np,p,,Mp,p,) € 2%
I —lim(Z®)?(n,m) = (f.,f,) for some f,,f,}} €1, where
I —lim(Z®)Pn = §, for some f, ,I —lim(Z*)?m = §, for some f,
(95)' ={b1,b, €N: {(n,m) = (np,p,, Mp,p,) € 2*: 1 —=lim(Z*)P(n,m) = (0,0) } € I, where
I -lim(Z®)Pn =0, I -lim(Z2)*m =0
(9%) ={by,b, EN: {(n,m) = (ny p,, My, p,) € by, byt supy, ,,|(Z*)P (n,m)| < (c0,00)}}€I , where
Supbl,bzl(zz)p n|<o, Supbl,bzl(zz)p m|<oo.
We also denote by

1 1
(a2:) = ($2)' N($*)' and (aZ;) =(9%)' N(HB)
And now we introduce the classes of paranormed Zweier I -Convergent double sequence spaces defined by the

double Orlicz functions.
2D 2D Dvqvy
(CORCTPH) e (CORC) I
Ql P 1v2 :QZ p 1v2 2 £ E

(6 (roy02), (RS I
01 P 21,0, -, 12 >er €l
(@ ews) (@), \[™
Ql p 1v2 , Qz > 1iv2 2

29'(0,p) ={(n,m) = (np b, Mp_p,) 5{(171:172) €N XN:

I},

for some f,,f, € Cand p > 0.

2 % (o,p) ={(n,m) = (nbl,bz'mbl,bz) :{(vl,vz) ENXN:

b

for some f,f, € Cand p > 0.

2 9% (0,p) ={(n,m) = (nbl’bz,mbl_bz) :{ (v, v,) ENXN:3k >0

k}e,},

for some f,f, € Cand p > 0.

Also we denoted by

20 (,p )= 295k (e,p) N29'(e,p) and  2ag(e,p) =296 (o,p )N2%; (2, p).

We will denote by (22)? (1, 4, Mp, ,) = (0, 5, M}, ,) Where (Z2)P(ny, p,) = (np, 5,) and F)P(my,p, ) = (Mp, b, ),
(Zz)p(lbl,bzﬂubl,bz) = (lzl,bZ'UZl,bz)' where (Zz)p(lm,bz) = (fbl,bz) and (22)?( Upy by ) = (U;h,bz)'
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where p = (p,,», )is a double sequence of positive real numbers
Theorem 1 .
For any double Orlicz function g, the classes of double sequences 2$(o,p),
2 90(e,p), 22 gz (o,p ) and 2A§3%(Q,p) are linear spaces.
Proof .
We will prove the result for the space 2%'(o,p).The proof for the other
spaces will follow similarly.
Letn = (np,5,).m=( mpp,) € 29'(e,p) and let (a,a) , (B, B) be scalars. Then there exists positive numbers p,

and p, such that
@) (pyn)) 1 P (mprsy)) -1\
Q]_ <|( plz )V1V2 >’ Qz <‘( p12 )1711;2 )“ 2 } € 1},

Pvyv
(@ Goiea), | 2 (@P@e), =\,
01 12— 1,0, TLv2 >Ztel;y
P2 P2 2
That is for a given ¢ > 0, we have

Let po=max {2| a |p;,2| B | po}. Since o,,0, and ¢ are non — decreasing and convex functions ,we have

N | ™

Ay {(n m) = (nb1 byr My, bz) {(vl,vz) ENXN:

1 forsomef;, €C

{(3 9) = (gbl by Dby, bz) {(171'772) €N X N:

2  forsomef, € C

(a (@7 (,s), , +8(@P o), )= @h=p\ " [|(a(@Pm,0), | +8(@O00)), )

@ Po 02 Po

[l (@), ~6]] [81](@Gos)), | ~E[] [lal|(@rm,s), -]
= Po * Po ' Po

191 |(@2 (Ds,0)), 7|
* Po

(@7 (o), =6l [|(@#Gnn), 1o Y I|((Zz)p(m,,l,,,z)) R[]
< 1V2 + v1v2 , v1v2

P1 P1 P2

Pvyiv,

|((zZ)p(2Jbl,b2))v_v ~f,
+

1v2

P2

(vlﬁ 172) ENX

(o@P tr0r00)),., +8(E) Ga0), )t
N: €1 : Po

(\((zZ) (r012)),., T )
01

( &) (o), +8(E) Wos02) )-ann-pi >pv”’z
: Po — >

Pvqivy
)\ > 2} U {(vl,vz) € N X
‘((Zz)p(gm.bz))v ) —f2 ‘((Zz)p(@bl bz) —fz Pravz
01 p — )02 c A,UA, € I
Now

[0( (((Zz)p (nbl,bzﬂgbl,bz))vlvz) + [3<((Zz)p(mb1,bz,@bi,bz))vlvz)] € 2%'(o,p)

Then 2% (o, p) is a linear space. m
Theorem.2
The spaces 2a gz (o,p ) and?2 Ag% (o,p) are paranormed spaces, with the paranorm a(n, m) defined by

<| (ZZ) (mp,, bz) —fl

£ S {(vl,vz) €N XN:

N:
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<| ((Zz)p (lel'bz ))Ule |> <| ((Zz)p (mb1rb2))v1172 >
01 P » Q2 p
Proof.

Clearly a(—n, —m) = a(n,m)and a(0,0) = (0,0)
Let (n,m) = ( 1y, b, My, ,) and (3,9) = (30,5, Di,.0,) bE two elements in 24 ¢, (o,p ) where
pP1,p2>0

{ [ (l((zz)p(nbl’DZ))v . |> <|((22)p(mb1,bz))v i} |>‘ }
Ay = p1iSUPy, |01 o -], 0, P L2 <1

And

{ _ <|((Zz)p(§b1,b2))v , |> <|((Zz)p(2)b1,b2))v ; |>‘ }
Ay = p2i SUPy, v, |01 0 2= 1,0, P L2 <1

We take p = p; + p,. Be using the convexity of double orlicz functions , we get

(‘((22)1’(%1.172))”1”2‘) <‘((Zz)p(3b1,b2))v1v2‘>] I (‘((ZZ)P(mbl,bz)>vlvz‘> <((22)p(2)b1,bz))vlv2|>H

@ p1 AT e | B p1 e P2 =

, (@Paois), [\ (@) o0 ; (@ Gos), [\ (@ @), [\
P1+1102 Q1 P1 ulvz Q2 P1 o + P1+2P2 €1 P2 - Q2 P2 o

Which in terms give us,

“ <|((22>”(nb1.b2>)y1v2|> (\((22)”(zb1,b2))v1v2|>]l (\((22)”(mb1,b2))w|> <\((ZZ)”<z)b1,bz))w|>'
SUPy, v, ||€1 o +0; Ev— | T 02 o +0; o

And

Pviv,

a(n,m) = inf {p T isupy,y,

<1, for somep > 0}

where Y, = {I, supvlvzpvlvz}-

Pvivy

—_—
IA
[UnN

Pvivy DPyyvy Pviv,
a[(n,m) + (3,9)] = inf {(P1 +p2) Y ipr€EALp € Az} < inf {P1 1ip € A1} +inf {Pz Tip € Az}
=da(n,m) +a(39)

let k* - f, where k%, € C and let a[(n*, m*) — (n,m)] - 0 as A - co.
Now prove a(k*(n*, m*) — f(n,m)) - 0 as A - o ,and put

- Pvqvy
<|((Zz)p(nAb1,b2)) |> <|((Zz)p(mAb1,b2)) |>‘
A = > 0:su L 1 <1
3 Pa Pviv, | |01 » 02 <
Pa Pa
And »
" - Pvqivy
|((22)p(nAb1’b2 — nb1,b2)) | |((Zz)p(mz\b1'b2 — mbl,bz)) |
Ay =1 py > 0:5up, 4, |01 P e @2 P oL <1

by the continuity ¢ ,we obtain that

I <|((Zz)p(k1\nx\b1’b2 — fnbl,bz))v v |> <|((Zz)p(k/\m/\b1'bz - Tmbl.bz))y %
Q1 = ],0,

1V2
[k* — flp, + |ilos [kt = flps + |flos

I <|((Zz)p(k/\n1\b1.bz - fn"b1.bz))vlv2|> <|((22)p(k1\m1\b1‘b2 _ TmAbl'bZ))v1v2
01 » Q2

~
IA

|kA - HPA + |ﬂpb |kA - flPA + |ﬂpb
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|((Zz)p(anb1,b2 - fnbl,bz))v1v2| |((Zz)p(TmAb1,bz - fmhl,bz))v1vz|
[k = flpa + [flps lk* = flpa + [flps

01

»02

[k*=flpa vV

(@ e, [\ (@ erem), ]
01 ol D) 2|+
k2= flpa+Iflps Pa Pa
11108 |((Zz)p(nAb1.b2—nb1.b2))v1v2‘ |((Zz)p(mAb1.b2_mb1.b2)>vlvz
k2= Tlpa+Tilpy | 91 o Q2 X :
Of that ineq_uality it follows the
Pvqivy
|((Zz)p(kAnAb1,b2 - fnblrbz))v » | |((Zz)p(kAmAb1rb2 - fmbl‘bz))v v |
SUPy, v, | 01 e == |, 0, g = <1
| floa + [flps | floa + 1flps
Then
) Pvqvy
a (kA(nAbl,bz’mAbybz) - f(nbbbz’mbpbz)):lnf {[lkA - ﬂPA + |ﬂpb] 4 NS A31 Py € A4—}
Poivy Pvqvy Pvqvy Pvqvy Pvivy

<=0 inf {0 ¥ ip €Al T (o) © rpy € A s max it =i f A, m, ) +

Pvqvy

max {1, K } ) [(nAbl,bz'mAbl.bz) — (nbl.bz’mblvbz)] (1)

Then

a(nAbl,bZ’ mAbl,bZ) < 5(nb1_b2, mbl_bz) +a [(nAbl,bz'mAbl.bz) — (nb1.b2’mb1'b2):| fOT alla €N
now, the right hand side is used by option of the relation (1) tends to 0 as A — o and the prove that. m
Corollary

1 1
M ¢ M[o(n,m),pl,where M = 255’,25’,(1\;2) and (Ag%) .
Theorem .3
1
Let p = (py,v,) and x = (xvm) be two double sequences of positive real numbers. Then (A;(z)) [e(n,m),p] 2

i
(Agg) [e(n,m),x] if and only if lim infpv%v2 > 0,where K € N such that K € F(I).

V1V2€K Xpqvy

Proof.

1
s . DPyqv. 2
Let 1;1111;£rE1K inf XU;E > 0and (ny, v, My, »,) € (A%) [o(n,m), x].

Then there exists § > 0 such that Puyv, > O,y for all v;,v, € K.

i
Let (np, b, My, p,) € (Aég) [o(n,m), x] then for given € > 0, we have

((ZZ)p(nbl'bz))v v <(Zz)p(mb1:b2)>v v Poave
01 %»Qz % selery

Let B, = E U K€. Therefor we get B, € I. Now we get v;,v, € By,

((ZZ)p(nbl'b2)>1; v ((Zz)p(mb1:b2)>v v Poavz

Q1 > 122 1, 0, > 1v2 >erelyc{(nm)=
<(Zz)p(nb1'b2)>v v ((Zz)p(mbl.b2)>y v valvz

01 p 172 ,02 . 1v2 Seber }

2P 2)P(m e
((Z ( bl’bz))vlvz ((Z ) ( b1.b2)>1;1172 ‘ > g} €l}

E ={(n,m) = (nbl,bz,mbl,bz) :{(Vl,vz) EN XN:

{(n,m) = (nb1nb2’mb1.b2) :{(171,172) €N XN:

(nbl'bz,mbl'bz) : (171,172) ENXN:

Then we get

01 P » 02 P

{(n,m) = (np,p,, Mpp,) :{(vl,vz) €N XN:

I
(nb1,b2' mb1,b2) E (A;g> [Q(nl m)’ p]
And the converse part of the proof follows obviously.m
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